The exploration of wave phenomena and quantum properties of massive systems offers an intriguing pathway to study the foundations of physics and to develop a suite of quantum-enhanced technologies. Here we present an optomechanical scheme to prepare non-Gaussian quantum states of motion of a mechanical resonator using photonic quantum measurements. Our method is capable of generating non-classical mechanical states without the need for strong single-photon coupling, and is resilient against optical loss and initial mechanical thermal occupation. Additionally, our approach provides a route to generate larger mechanical superposition states using effective interactions with multi-photon quantum states. We experimentally demonstrate this technique on a mechanical thermal state in the classical limit and observe interference fringes in the mechanical position distribution that show phase super-resolution. This opens a feasible route to explore and exploit quantum phenomena at a macroscopic scale.
INTRODUCTION
Generating quantum superposition states in macroscopic systems is an important goal in experimental quantum science. Studying such states will allow us to probe the limits of applicability of quantum mechanics and to harness quantum physics for new technologies. Early evidence for quantum phenomena with massive systems was provided by electron diffraction experiments [1] and, through the efforts of the last nine decades, quantummatter-wave behaviour has been observed for neutrons [2] , trapped ion systems [3] , ultracold atoms [4] , and even molecules comprising many hundreds of atoms [5] . A promising route to explore quantum behaviour on an even more macroscopic scale is provided by quantum optomechanics [6] where a mechanical oscillator interacts with an optical field via radiation pressure. This versatile quantum-optical platform enables tests of fundamental physics [7] [8] [9] , the development of microwave-to-optical interfaces [10] , and high-precision weak-force sensors [11] . Indeed, the LIGO gravitation-wave antenna can be considered a large-scale optomechanical system [12, 13] . Recently, impressive progress has been made using both opto-and electro-mechanical systems with examples including single-phonon-level operations [14] [15] [16] [17] , quantum coherent coupling [18] , mechanically-induced squeezing of light [19, 20] , and even opto-mechanical entanglement [21] . Experimental efforts continue in a diverse set of directions, however, progress is hindered by three main factors: weak single-photon coupling, sensitivity to optical loss, and mechanical decoherence. The approach we introduce here exploits measurement-induced non-linearities [22] to overcome the challenges of weak coupling and optical loss. In addition, our approach of- * Email correspondence: michael.vanner@physics.ox.ac.uk fers resilience against initial thermal occupation and can also be readily employed in cryogenic systems to overcome the challenge of thermal decoherence.
To understand radiation pressure consider the reflection of a single photon from a mechanical resonator. The reflection imparts a momentum-inversely proportional to the wavelength-onto the resonator and concurrently the optical field acquires a phase-shift-proportional to the mechanical displacement. This momentum, however, is typically very small compared to the quantum noise of the resonator due to weak optomechanical coupling. In order to enhance the strength of this interaction, experimental efforts often employ an optical cavity to increase the number of reflections [6] . Utilising such cavity enhancement, the seminal works of Bose, Jacobs, and Knight [7] ; and Marshall et al. [8] , proposed using a superposition of the optical vacuum and a single photon to generate optomechanical entanglement with the motion of a mechanically oscillating mirror forming part of a Fabry-Perot cavity. In this case, the mechanical resonator is subject to a quantum superposition of the identity operation (no photon present) and a displacement operation (single photon present), thus generating a mechanical Schrödinger-cat state.
Our method enables the generation of mechanical superposition states without the need for non-classical optical input states such as single photons. Rather, we use an optomechanical interaction for a time much shorter than the mechanical period [23] with a weak optical coherent state and then project the reflected field, via photon counting, onto a superposition of zero and one photon to conditionally generate the superposition. In contrast to Refs. [7, 8] , the measurement used in our scheme leaves the mechanics in a single-mode superposition state, which is achieved by projection from a more easily prepared form of optomechanical correlations. A single-mode quantum superposition state-with components separated in the momentum quadrature-will show interference fringes in the position probability distribution with a frequency inversely proportional to the superposition separation. When the photon detection registers the required event to prepare such a state an independent readout beam is then used to verify and characterise the mechanical state. The process of our scheme is non-classical and generates quantum states of motion independent of the coupling strength and for finite initial thermal occupation. Moreover, the size of the generated mechanical superposition state can be made larger by projection onto an optical N 00N -state [24] [25] [26] , which can be implemented using coherent state inputs, multiport interferometry, and multi-photon coincidence measurements [27] . Unlike preparation of large N 00N states, projection onto these states is experimentally simple. We implement this process experimentally and observe the first mechanical interference fringe pattern and the predicted phase-superresolution for a two-photon coincidence measurement. In this proof-of-concept experiment we observe a high-visibility fringe pattern in the mechanical position but we do not observe any non-classical features due to quantum decoherence and low readout sensitivity. Generating and observing single-mode nonclassicality, such as Wigner negativity, of a massive mechanical oscillator remains an outstanding challenge. Our measurement-based-scheme offers a promising route to achieving this important goal and can be readily applied to a number of optomechanical systems beyond the system used here. This experimental technique provides a powerful platform to empirically explore open-quantumsystem dynamics, test potential collapse models of the wavefunction [28] [29] [30] , and enable the development of quantum-enhanced weak force sensors.
RESULTS
Mechanical state preparation via photon detectionFor simplicity we first describe our scheme for two-port photon counting before generalizing to multi-port quantum measurement. The two-port case describes our experimental results and can be implemented with MachZehnder-type interferometers. Figure 1A shows a conceptual model of our experiment, where a weak coherent state is injected and interacts with a mechanical resonator in one arm of an interferometer. The two optical fields inside the interferometer then interfere on a beamsplitter and photon counting is performed on the two output ports. A single-photon click on one of the detectors effectively projects the optical state that was inside the interferometer onto the path-entangled number state, i.e. (|10 +|01 )/ √ 2 , which is the state used in Refs. [7, 8] . If, instead, both detectors register a single photon then, due to second-order quantum interference, the optical state that interacted with the mechanical resonator within the interferometer must have been a 2-photon N 00N -state (|20 − |02 )/ √ 2. In this case, the mechanical oscillator was subject to a superposition of the identity operation and a two-photon radiation-pressure displacement, thus enhancing the size of the superposition by a factor of two compared with the single photon detection case.
This operation can be conveniently described using the measurement-(or Kraus-) operator approach, which allows us to conveniently compute the mechanical state after a measurement as well as the measurement outcome probabilities. Consider a mechanical resonator in the pure initial state |ψ in M and coherent states |α 1 |α 2 in the interferometer arms 1 and 2, respectively (i.e. the state after the initial 50/50 beamsplitter in Fig. 1A) . The state immediately after the interaction with mode 1 of the interferometer is then given by e iµa † 1 a1Xm |α 1 |α 2 |ψ in M , where, µ = 4πx 0 /λ is the momentum transfer per photon in units of the mechanical quantum noise. Here, x 0 = /mω is the mechanical ground state size (m; effective mass, ω; mechanical angular frequency), X m = x/x 0 is the mechanical position operator in units of x 0 , and a 1,2 are the annihilation operators for the interferometer arms 1 and 2. The two optical fields then interfere on a beam-splitter, via B † a 1 B = ta 1 + ra 2 and B † a 2 B = ra 1 − ta 2 , where r 2 and t 2 denote the intensity reflectivity and transmittivity, respectively. The mechanical state after this interaction and photon measurement is |ψ out M ∝ 2 n| 1 m|Be iµa † 1 a1Xm |α 1 |α 2 |ψ in M , where m and n denote the number of photons detected in mode 1 and 2 after the beam-splitter, respectively. Assuming a 50:50 beam-splitter and including a static phase-shift φ in mode 2 of the interferometer we can introduce the measurement operator,
The mechanical output state can now be written |ψ out M ∝ Υ|ψ in M . This operation corresponds to a superposition of a mechanical displacement e iµXm and the identity operation with a controllable phase e iφ . More generally we may compute the mechanical state via ρ
are the input and output mechanical density matrices, respectively, and
is the probability for obtaining the photon counting outcomes m and n, see Supplementary Materials for further details.
To examine the mechanical position probability distribution of the state after the interaction and measurement we may write X m |ρ
† Υ is oscillatory in X m , as obtaining a click in our interferometer gives periodic information about X m , and can be interpreted as a filter acting on the initial mechanical position probability distribution. This oscillatory behaviour is intrinsically linked with the cubic nature of the full optomechanical radiation-pressure interaction a † 1 a 1 X m and the non-linearity of photon counting. This allows our scheme to generate non-Gaussian states of motion, which would not be possible in the more commonly considered linearized regime with quadratic inter- , where a1 describes the optical field operator, and Xm describes the mechanical position. Mechanical interference fringes are generated via photon counting on the two interferometer outputs, which projects the field inside the interferometer onto a path-entangled photon number state. (B) In our experiment the two interferometer paths in A are represented by orthogonal polarizations of a weak coherent-state, and a half-wave plate (HWP) acts as a tunable beam splitter. For the interaction with the mechanical resonator-a SiN membrane-the polarization modes are split into distinct optical paths using a calcite beam displacer (BD). One of the beams reflects off the membrane, while the other one reflects off the adjacent frame and acquires a static phase shift φ, controlled by the yaw degree of freedom of the BD. The modes are then interfered, separated, and detected by two single-photon detectors (APD). A position measurement of the membrane is performed from the other side of the membrane using a similar setup and an independent readout beam. Lenses focus the preparation and readout beams to a spot size of ∼50 µm on the membrane and glass plates are used to compensate for shifts in the foci due to the birefringence in the BDs. (C) Noise power spectrum of the fundamental vibrational drum mode of the mechanical resonator with resonance frequency of ωm/2π = 105.64 kHz. (D) Balanced-detector time-traces used to measure the mechanical state for three example phase space points (shown on the right) with displacements of 103 nm (dotted, green), 222 nm (solid blue) and 458 nm (dashed, orange), respectively. Here X and P are the mechanical position and momentum quadratures, respectively, in units of the interferometer readout range λr/4 = 158.2 nm (corresponding to the turning-points of the interferometer).
actions and linear measurements.
Experimental Setup-In our experiment (Fig. 1B) we use a high-stress 1.7 × 1.7 mm Si 3 N 4 membrane [32] embedded in a 10 × 10 mm Si-frame. The membrane has a thickness of 50 ± 2.5 nm and at our state-preparationfield wavelength of 795 nm has a measured reflectivity of 23.0 ± 0.5 %, while the frame has a reflectivity of 20.5±0.2 %. The noise-power spectrum of the fundamental drum mode at ω m /2π = 105.64 ± 0.02 kHz is shown in Fig. 1C . At room temperature and at atmospheric pressure the mechanical line-width (FWHM) was measured to be δω m /2π = 3.10 ± 0.05 kHz and the effective mass is on the order of 100 ng, which comprises approximately 10 16 atoms. In order to probe the regime where the optomechanical phase shifts are large, i.e. µ 2 X 2 m 1, we use a ring-piezo to drive the membrane motion.
The membrane is mounted in a way that allows optical access from both sides, and forms the central part of two folded Mach-Zehnder interferometers (MZI), see Fig. 1B . One interferometer is used for mechanical state preparation with photon counting, as illustrated in Fig. 1A , while the other is used for mechanical position readout using a balanced detector and a ∼100 µW laser at a wavelength of 632.8 nm. Our setup employs a compact polarization interferometer design that does not require active phase stabilisation [33] . The two arms of the MZI in Fig. 1A are represented by orthogonal polarizations and the role of the beamsplitter is achieved by a half-wave plate (HWP), which allows for precise control of the splitting ratio. For the interaction with the membrane the two polarizations are separated using a calcite beam-displacer and recombined after reflection from the mechanical device.
An APD click-either one of the detectors or a coincidence event within a 7.8 ns window-triggers the balanced detector and recording of a 50 µs long trace at a sampling rate of 100 MS/s, see Fig. 1D . The mechanical quadratures X and P , defined in units of the interferometer readout range (λ r /4), are then extracted from a fit to this time trace. For small mechanical displacements the time trace is almost sinusoidal, but becomes Three maxima of the fringe pattern are observed. In all of these cases the interferometer phase φ was set to π/2. Also note that the momentum quadrature remains close to the initial distribution for all of these measurements.
overmodulated as the resonator displacement surpasses ∼100 nm. In addition, for larger mechanical displacements we observe a mechanical-position-dependent amplitude modulation of the interferometer signal. We have taken the first order corrections due to this amplitude modulation into account when fitting the time traces, see Supplementary Material. For each type of click event we record ∼3000 such time traces to create a phase-space histogram of the mechanical motion. By using a combination of spectral and polarization filters the read-out beam transmitted through the membrane is suppressed below the dark-count level of our single-photon detectors of ∼150 Hz.
Large phase-shift regime- Figure 2 shows the measured mechanical phase-space distributions prepared via one-and two-photon measurements on a piezo-driven initial Gaussian thermal-state ( Fig. 2A) with RMS position fluctuations of 198 ± 2 nm. This corresponds to the regime of large optical phase-shifts, i.e. µ 2 X
1. For single-photon detection, low frequency fringes are observed with a π phase-shift between the detection events {m, n} = {0, 1} (Fig. 2B) and {1, 0} (Fig. 2C) . Moreover, we observe the start of the second fringe peak in the tails of the Gaussian envelope, which is on the right in Fig. 2B and the left in Fig. 2C . In the case of a two-photon detection event {m, n} = {1, 1} (Fig. 2D) , the mechanical resonator interacted with an effective two-photon N 00N state. Consequently, we observe phase super-resolution in the mechanical interference pattern at twice the fringefrequency of the single photon cases. We would like to highlight that this work goes significantly beyond previous all-optical schemes observing phase super-resolution via multi-photon projection [27, 31] as our scheme maps the fringe pattern into the state of another bosonic mode rather than being a modulation to the photon count rate with a scalar phase quantity. Thus, the super-resolution achieved by such projections is used here as a resource for state preparation. In a quantum regime, the fringe pattern observed can then be interpreted as either the quantum interference in the superposition state or from the filter of the quantum measurement. This measurementbased technique provides a considerable advantage for ultimately generating non-classical states of mechanical motion and can be employed in other quantum optical systems. Note that all conditional states (Fig. 2B-D) feature interference fringes in the position distribution, while the momentum quadrature remains as the initial Gaussian distribution. The conditional mechanical states shown here were prepared with the phase set to φ = π/2, which gives a fringe maxima in the centre of the distribution for the {1, 1} event.
We would like to additionally note here that our method can be utilised to determine the optomechanical coupling strength µ by fitting to the fringe pattern observed. This technique requires a well calibrated position axis in units of the mechanical ground state size and can be performed for any mechanical thermal occupation.
Small phase-shift regime-Our scheme can also generate non-Gaussian states of motion in the regime of small optomechanical phase shifts, i.e. µ 2 X systems with weak single-photon-coupling. For small µ, applying our scheme to the mechanical ground state for {m, n} = {0, 1} with φ = 0 yields (e iµXm − 1)|0 (iµX m )|0 = iµ2 −1/2 |1 . Here, |1 denotes a single phonon Fock state and the mechanical position operator in terms of the phonon annihilation (b) and creation (b † ) operators is X m = 2 −1/2 (b + b † ). This conditional state is a result of quantum interference and has no classical description [34] [35] [36] . Note that in this regime the detection event {m, n} = {1, 1} generates a similar state. The Wigner function of this mechanical single-phonon Fock state and its two conjugate quadrature distributions are shown in Fig. 3B . A mechanical Fock state has a rotationally invariant distribution in phase-space and has the quadrature distribution Pr(X m
m . Thus, we note that the position probability distribution after this operation has the same form as a Fock state for any thermal occupation, not just the ground state. To observe this type of fringe pattern we use the detection event {m, n} = {1, 1} on a mechanical thermal state with RMS position fluctuations of 91 ± 1 nm. The observed mechanical phase-space distribution and quadrature distributions are shown in Fig. 3A . The measured position probability distribution is in good agreement with the theoretical prediction. Note that, for this large thermal excitation, however, the momentum quadrature probability distribution remains Gaussian.
Generalisation to larger N 00N states-Our scheme can be extended to generate mechanical superposition states with increasing separation size by only changing the optical measurement. This extension would require two coherent states, one of which interacts with the mechanical system, while the other acquires a static phase shift, together with N − 2 vacuum ancilla modes injected into an optical N -port interferometer, see Fig. 4A . Nfold single-photon detection at the output of the N -port then projects the optical field so that the mechanical resonator effectively interacted with an optical N 00N -state. The mechanical resonator is thus subject to a superposition of a radiation-pressure force with 0 or N photons thus enhancing the separation in the superposition state (cf. Fig. 4B ). See the Supplementary Material for a mathematical description and the heralding probability. Here, the high-frequency fringes of the optical N 00N -state are mapped onto the mechanical position probability distribution. Importantly, the states generated by our scheme can exhibit strong negativity of the Wigner quasiprobability distribution independent of the optomechanical coupling strength µ. As shown in Fig. 4C , this negativity approaches zero from below asymptotically with increasingn thus the scheme is resilient against initial thermal occupation. Furthermore, we would like to highlight that when using large N 00N states this negativity scales withn −1 . This scaling should be contrasted to the scaling available using single quanta addition [34] , which goes withn −2 , see the supplementary for more details. Moreover, for low amplitude optical coherent states, our scheme is robust against optical loss and inefficiency due to the single photon conditioning.
DISCUSSION
We have introduced a technique that exploits the quantum nature of multi-photon measurements to generate non-classical states of motion of a mechanical resonator. Additionally, we have performed a proof-of-concept experimental demonstration of this technique, which allowed for the first observation of mechanical interference fringes within a thermal distribution. These fringes, albeit at a classical level, have the same qualitative form as those expected from a canonical quantum superposition state, which would be the result of applying our method to a low entropy initial state. This highlights that the appearance of fringes in the position quadrature distribution is not a sufficient condition for non-classical behaviour. Moreover, fringes can be generated by our method independent of the initial thermal occupation, which emphasizes the importance of precise calibration of the position quadrature measurements and characterization of the initial state. While our continuous-wave readout technique is suitable for the regime experimentally tested here, this technique cannot resolve displacements below the size of the ground state, which is required to observe mechanical non-classicality. Different techniques, such as quantum non-demolition pulsed quadrature measurements [23, 37] will allow this limit to be surpassed and perform mechanical quantum state recon- Simulated Wigner functions for an initial mechanical ground state (n = 0) and superposition states prepared via multiphoton detection. From left to right: initial ground state, and mechanical states prepared using 1-, 2-, 3-, 4-photon N 00N -state projections for µ = 1.5 and φ = 0. Note that these mechanical states are generated via superposition of identity and displacement and are thus not symmetric around the origin. (C) Minimum of the Wigner distribution (min W ) as a function of the initial thermal occupationn for various values of µN . Note that our scheme generates Wigner-negativity even in the limit of weak coupling µN → 0 (dotted, black line) and saturates for large coupling µN → ∞ (dashed, black line). All experimental configurations (i.e. arbitrary values of µ, N andn) result in states within the grey shaded area, and always feature Wigner-negativity. Moreover, for arbitrary single-photon coupling strength µ and arbitrary N 00N -state size N the generated states achieve the maximum possible negativity of −1/π, asn → 0. The coloured solid lines correspond to N = 1, 2, 3, 4 multi-photon coincidence events, for µ = 1.5, as in Fig.B. struction [38] . Looking ahead, one possible experimental approach to generating significant non-classicality with our scheme is to use MHz-frequency oscillators, which have been experimentally cooled to a thermal occupation ofn 0.34 [39] . For electro-mechanical systems, one could employ a secondary coupling outside the resolvedsideband regime to a weak optical field or to a microwave field together with superconducting qubits, to implement our protocol. At this thermal occupation, the Wigner negativity generated by our scheme for weak coupling is −0.07, and in the limit of strong coupling is −0.19, which should be compared with the maximum value achievable of −π −1 −0.32.
Our scheme offers four main advantages: (i) Our process generates non-classical mechanical statessignified by negativity in the Wigner quasiprobability distribution-without the need for strong single photon coupling and (ii) with favourable scaling against the initial thermal occupation. (iii) Our scheme is resilient against optical loss, as photon counting with low amplitude input coherent states can be used. And (iv), larger superposition states can be prepared by changing only the measurement and projecting onto optical N 00N states. This combination of advantages thus dramatically improves the feasibility to generate and observe mechanical single-mode non-classicality-a key outstanding goal of the field-and the high-visibility mechanical fringes observed here are a key step towards achieving this goal. 
Supplementary Information: Generation of Mechanical Interference Fringes by Multi-Photon Quantum Measurement
Here we provide further details of the theoretical model, the experimental setup, and the data analysis techniques used.
SI. THEORETICAL MODEL
In this section we give a mathematical model to describe mechanical state preparation via interaction with an optical field followed by photon counting as introduced in this work. We first discuss the details of the twoport case, which can be achieved using a standard MachZehnder interferometer configuration. We then generalise this to multi-port interferometry, which can be used to generate larger mechanical superpostition states by projection onto an optical N 00N state.
A. Two-port model
For optomechanical systems where the interaction time is much shorter than the mechanical period the mechanical free evolution can be neglected, and the radiationpressure interaction is in this case described by the unitary The unitary in Eq. (S1) accurately describes our cavityfree experiment, which uses a simple reflection, as well as cavity-based experiments in the regime where the cavity amplitude decay rate κ is much larger than the mechanical resonance frequency.
The optomechanical coupling strength, µ, quantifies the momentum kick per photon in units of p 0 . For the simple case of a single reflection this strength is
where λ is the optical wavelength. This can easily be seen by noting that: (i) the momentum transfer per single photon p 0 µ = 2 k = 4π /λ , and (ii) that phase shift µX m = 2kx, where k is the optical wavenumber. For a cavity-optomechanical system with interaction Hamiltonian H/ = −g 0 a † 1 a 1 (b + b † ) the momentum kick per photon is enhanced linearly by the cavity finesse F
We will use a Kraus operator approach to determine the state of the mechanical resonator conditioned on a 'click'-event in the interferometer. The Kraus-or measurement operator also allows the heralding probabilities for these events to be easily computed.
For our two-port case, the Kraus operator is
where α ∈ R denotes the coherent-state size, B 12 is the beam-splitter operator, and we have included the static phase shift φ into the coherent state inside the interferometer. Using a matrix representation, we write the action of a 50:50 beam-splitter as
The measurement operator then becomes
(S6) The state of the mechanical resonator after the interaction and 'click'-event is determined by
where P is the heralding probability, which ensures that Tr {ρ out m } = 1. Important to this work is observing the mechanical position probability distribution after the interaction and measurement. The operator Υ depends only on the operator X m and we can thus write
Hence, Υ † Υ can be interpreted as a filter, acting on the position distribution of the resonator
Note that α will only affect the heralding probability and does not change the form of the conditional mechanical state. See Figs. 2 and 3 of the main text for experimental observations of such mechanical interference fringes. The heralding probability P is given by
For a mechanical thermal state with position distribution
wheren is the mean thermal occupation, the heralding probabilities P m,n for the click events {m, n} take the form
2 ,
1+2n)/4 cos φ) ,
2 (1+2n)/4 cos φ) ,
Note that for finite α and µ 2 (1 + 2n) > 0 the heralding probability is non-zero for all φ.
FIG. S1. Unnormalized theoretical mechanical position probability distributions for various click-events. An initial Gaussian state ({0, 0}) is subject to Υm,n, with µ = 1,n = 4, φ = π for single-photon ({0, 1}, {1, 0}) and two-photon ({1, 1}) click-events. Note that the case {1, 1} generates a fringe-pattern with twice the frequency compared to the single-photon cases.
B. Multi-port model
Here we discuss how larger mechanical superposition states can be generated using single photon detection at each of the outputs of a multi-port interferometer. See Fig. 4A for an optical schematic. A coherent state interacts with a mechanical resonator and then (together with a second reference coherent state) is projected onto an optical N 00N state where N is the size of multi-port. The mechanics will have then undergone a superposition of the identity operation (zero photons) and a displacement corresponding to the N -photon radiation pressure kick. The corresponding unitary U N for a real-bordered symmetric canonical multi-port, can be represented by a matrix with elements
where k, l ∈ [0, N − 1]. This form is a multi-port generalisation of the matrix used in Eq. (S5). As an example, the three-port case is
The output field operators are given by a out = M a in , where a in/out are N -dimensional column vectors. The state of light before the unitary U N for an N -fold coincidence event is
Here U N a j U † N is readily computed from the matrix expression, Eq. (S13) above.
In our scheme vacuum is injected into modes 3 to N , which leaves an optical N 00N state in modes 1 and 2. Vacuum inputs in modes 3 to N implies that only the first two columns of M (Eq. (S13)) are being used. That is, there is no excitation in modes 3 to N . We can then write the un-normalised state for modes 1 and 2 as
All the cross terms in the product vanish and we have
The measurement operator that acts on the mechanical resonator for this multi-port case is then
Choosing φ = π as in the main text, this operator has the same form as Υ 1,0 . The displacements, however, are increased by a factor of N , compared to Eq.(S9). As a consequence, the frequency of the cosine in the filterfunction Υ † N Υ N is increased by a factor of N and thus exhibit phase-super resolution.
(S19) Using this expression we can also compute the heralding probability P N = Tr Υ † N Υ N ρ m , which, for an initial thermal state withn is given by
Importantly, this expression is always positive when the mechanical position distribution has non-zero spread,
Using Υ † N Υ N we can quantify how much Wignernegativity can be generated by our scheme for given parameters N ,n and µ. We find that the minimum of the Wigner-function is given by
Note that forn = 0, min W = −1/π independent of the other parameters, reaching the lowest possible value for a Wigner function. In the opposite limit, wheren → ∞, min W approaches zero from below, see Fig. S2A . Note also, that projecting onto larger optical N 00N -states increases the generated Wigner-negativity for fixed thermal occupationn, as illustrated in Fig. S2B . It is also instructive to study the limits of weak (µN →0) and strong (µN →∞) optomechanical coupling
min
Thus, Wigner negativity is generated by our scheme even for weak optomechanical coupling. Moreover, the amount of negativity that can be generated is bounded by the two power-laws Eqs. (S22),(S23), as shown in Fig. 4C and Fig. S2A 
SII. EXPERIMENTAL DETAILS
Our experiment makes use of an inherently stable polarization interferometer design, which can be intuitively understood in analogy to a Mach-Zehnder interferometer (MZI), see Fig. S3 . The interferometer has two modes, which are represented by orthogonal polarizations |H and |V . A half-wave plate takes the role of the beam splitter in the MZI, with the advantage of a very precise and continuously tunable splitting ratio. The two polarization modes are then separated into different spatial modes for the interaction with the mechanical resonator and recombined afterwards, using calcite beam displacers. This design achieves good phase stability due to common-mode rejection of all non-rotational mechanical noise, without requiring any active locking.
With our implementation the two beam splitters in the MZI are the same optical element and thus constrained to equal splitting ratios, which, however, is not a restriction for our experiment. Furthermore, our experimental arrangement allows to probe the position of the membrane from the other side, which significantly simplifies the experimental setup. Independent of losses in the setup, the optimal signal-to-noise ratio (SNR) is achieved with a splitting ratio of 1/2. In order to achieve a large initial thermal state, the membrane was mounted on a Steminc SM412 ring-piezo with a capacitance of 1.8 nF and a nominal resonance frequency of 1.7 MHz. The piezo was driven with noise across the mechanical resonance frequency at 106 kHz. Note, however, that the drive couples to √ X 2 + P 2 , such that the drive voltage must be Chi-distributed in order to achieve Gaussian initial states in X and P . The piezo was driven with a discretized version of this distribution, sampled at 3.2 MS/s. Figure S4 shows this distribution, together with the measured distributions of X, P and √ X 2 + P 2 . Synchronization of the two APDs for coincidence detection and of the APDs and the balanced detector for the position measurement was achieved using a pulsed laser diode. The diode pulses with a FWHM of 12 ns at a variable repetition rate were used as an input on the position readout side. The beam was reflected off the membrane and detected by the balanced photodetector, with one input blocked. Part of the beam is transmitted through the membrane, attenuated to the single-photon level and detected by the APDs. This technique allowed for synchronization of the two APDs to within 1 ns and between single-photon detection and position readout to within 7 ns, which is 4 orders of magnitude below the The BS are replaced by a half-waveplate (HWP), which allows for precise control of the splitting ratio. In the reflective design here, the polarization modes are spatially separated on a calcite beamdisplacer (BD). One of the beams reflects off the mechanical resonator, the other of the static frame of the resonator. The beams are recombined into the same spatial mode and interfere in the HWP. Finally they can be separated using another BD. The arrow over the mode-labels indicates the propagation direction.
time of a mechanical period.
SIII. DATA ANALYSIS
Upon an appropriate trigger signal (either APD1-click, APD2-click or coincidence click within 7.8 ns) a trace of the homodyne signal is recorded. This trace consists of 5000 points, sampled at a rate of 100 MS/s, thus resulting in a window of ±25µs around the trigger event. The X-and P -values for each trace were obtained from a fit of the mechanical response function and the phase-space distribution was reconstructed from 3000 such measurements. The expected mechanical response function is of the form A * cos (X cos[ω m t] + P sin[ω m t] + φ r ) + c,
where A is the full amplitude of the homodyne signal, ω m is the mechanical resonance frequency, φ r is the static phase of the readout interferometer and c is the residual DC-component in the signal due to asymmetric loss in the two arms of the homodyne interferometer. In our experiment we used a balanced photodetector with a gain The phase-space norm √ X 2 + P 2 is linearly proportional to the drive-voltage and is thus well-described by a Rayleigh distribution with shapeparameter σ = 0.727 ± 0.008 (solid line with shaded 3σ regions).
of 10
5 V/A and a bandwidth of 4 MHz, and the DCcomponent c was compensated to zero by adding a tunable loss element in front of one detector. Since ω m , A and c were measured independently and remained constant throughout the experiment, the only free variables in the fit were X, P and the read-out phase φ r . These variables have distinct effects on the shape of the response, thus allowing for unique and stable fitting.
While Eq. (S24) describes the response very well in the low drive regime √ X 2 + P 2 1, we observe a mechanical position dependent optical amplitude modulation in the readout signal for larger drive. We attribute this amplitude modulation to a mechanical position dependent change in the reflectivity which is consistent with additional measurements of the optical transmission with time. The reflectivity of the mechanical device is dependent on thin-film interference and thus any small change in the refractive index of the can significantly affect the reflectivity. We modelled this modulation using a multi-plicative function of the form 1 − d * cos ω m t + arctan(X/P ) − π 4 ,
where d describes the relative strength of the amplitude modulation. The parameter d was used as an additional free parameter in the fit and was found to scale linearly with the drive strength. We used the function 1 − d|x| as the first-order approximation, which gave stable fits in the regime used. The arctan term transforms to the rotating-frame picture, while the π/4 phase-shift results in zero modulation when the membrane position is zero.
Note that the absolute value implies that the modulation depends on the displacement of the membrane, but not the direction. This model describes the observed response very well for √ X 2 + P 2 3.2, which is the regime where all data was taken. For larger drive we observe an additional asymmetry in the amplitude modulation that might be due to anisotropic stress in the material. Finally, for very low drive strength, the signal-to-noise ratio is limited by the resolution of the oscilloscope, resulting is a truncation in the center of the phase-space plot in Fig. 2A .
